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Fig. 3 Time-averaged rms � uctuating velocity in the shear layer as
a function of downstream distance z for the unseeded � ow, the direct
simulation, and virtual particle simulations.

Finally, a Fourier analysis of velocity � uctuations in the shear
layer indicates that in both the rin j D 3:01 and 2.88 cm virtual par-
ticle simulationsa downward shift in the vortex shedding frequency
is observed with ¾s D 1355 and 1350 Hz, respectively. This shift
is due to a thickening of the shear layer caused by the presence of
a high concentration of particles injected at a lower velocity than
the carrier � uid in the high-speed side of the shear layer. No such
frequency shift was observed in either the direct simulation where
particles are distributed uniformly across the shear layer or the vir-
tual simulation with rin j D 3:175 cm where the injection velocity
is approximately the same as the gas phase in the core region of the
shear layer.

Conclusions
Our investigation of a two-way coupled gas-particle system in-

dicates that the shear-layer dynamics in a ramjet combustor can
be modulated by controlling the dispersed-phase injection param-
eters, especially the particle injection location, size, velocity, and
mass loading ratio. Both direct and virtual particle simulation tech-
niques were employed to simulate the stream of particles injected
into the shear-layer region. The effect of particle mass loading on
the � ow is seen as an attenuation of velocity � uctuations in the
shear layer. In the direct simulations this attenuation is observed
at all locations downstream of particle injection. When modeling
the particle stream using the virtual particle method, attenuation is
found to depend on injection location. The injection location cor-
responding to the central injection location of the particle stream,
at rin j D 3:01 cm, provides the best approximation to attenuation
levels achieved in the direct case. When injecting at this location,
though, dispersion was slightly underestimatedbecause of reduced
centrifugal effects. In addition, the choice of injection location was
seen to alter slightly the characteristicvortex sheddingfrequencyas
the shear-layer thickness may be increased effectively by the pres-
ence of the particles. When taken in context, though, these results
indicate that, when compared to the direct simulations, the virtual
particle method can provide acceptable results and suggest that,
with certain caveats, this technique can be used with con� dence in
situationswhere it is not practical to track every particle in the � ow.
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I. Introduction

T HE developmentof numerical tools for the simulationof � nite-
rate chemistry � ows has received increasingattention over the

past decade. Reacting � ows play an important role in a wide range
of scienti� c � elds, such as combustion, hypersonic � ight, and ex-
plosion analysis. The purpose of this study is to describe a step that
can be taken to develop accurate and ef� cient solutions for such
� ows: The eigensystem of the Euler equations for a � ow in chem-
ical nonequilibrium is developed, including a well-designed set of
eigenvectors for higher-order upwind applications, which do not
contain potentially ill-de� ned terms. This work results in an exten-
sion of the methods developedby Whit� eld and Janus1 for a perfect
gas and their later extensions.2

Several researchers have developed upwind, implicit, � nite-rate
chemistry algorithms for very general � ow situations. References
3–5 are representativeof the currentlyavailable technology.A com-
mon thread among these solvers is the development and use of
eigenvalues and eigenvectors of the inviscid � uxes, which are nec-
essary for the designof the numerical schemes.The choiceof eigen-
vectors is somewhat arbitrary because of the presence of repeated
eigenvalues.The eigensystemproposedby Cinnella,6 although ide-
ally suited when used with higher-orderspatially accurate MUSCL
schemes, can prove inadequatewhen used in conjunctionwith � ux-
extrapolationschemes. (The MUSCL approachachieveshigh-order
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accuracy in space by reconstructingthe � uxes at cell faces using ex-
trapolationsof appropriate� ow variables.This should be contrasted
with the � ux-extrapolation technique, whereby the � uxes are ex-
trapolated directly to the cell faces.) The reason for this possible
inadequacy is rooted in the occurrence of species mass fractions
in the denominator of elements in the matrix of left eigenvectors,
whichcancause largevalueswhencomputingtraceelements(where
speciesdensity is very small) and can lead to numericalconvergence
problems. Unlike the MUSCL approach, � ux extrapolation tech-
niques require the matrix of left eigenvectors.This study focuseson
the development of an eigensystem that can be applied safely for
� ux-extrapolationupwinding schemes, as well as MUSCL method-
ologies.

II. Physical Model
The equations that govern chemically reacting � ows are written

in integral form for a gas mixture containing NS distinct species.
For an arbitrary nondeforming volume , closed by a boundary ,
they read

@

@t
Q d C S ¢ n d D W d (1)

where Q is the vector of conserved variables, S is the inviscid � ux
vector, and W is the vector of source terms. The unit vector n is
normal to the in� nitesimal area d and points outward. Utilizing a
Cartesian frame of reference .x; y; z/ whose unit vectors are i; j,
and k, respectively, the vectors Q; S, and W read
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In the preceding formulas ½ D ½i is the density of the gas, sum
of the species values ½i ; e0 is the total energy per unit mass; and p
is the pressure. Moreover, the mixture velocity u, whose Cartesian
components are .u; v; w/, has been utilized. The � rst NS equations
are species continuity equations, relating the time rate of change of
species densities ½s to convectiveand diffusive transport and to the
creation/destruction of the species due to chemical reactions. The
species rates of production ws are given by Busby and Cinnella.7

Following species continuity are the three components of the mo-
mentum equation. Finally, the global energy equation describes the
time evolution of the total internal energy per unit volume ½e0:

½e0 D ½e C ½
q2

2
; ½e D

N S

i D 1

½i ei .T /

(3)
q2 D u2 C v2 C w2

where ei are the species internal energies per unit mass, which are
functions of temperature only.8 The system is closed by a thermal
equation of state, given by

p D
N S

i D 1

½i Ri T (4)

whereRi is the speciesgasconstantand T is themixture temperature.
Finally, the frozen speed of sound can be found easily for a mix-

ture of thermally perfect gases.8 It reads

a D ° .p=½/ (5)

where ° is the mixture ratio of frozen speci� c heats.

III. Eigensystem
The system of equations developed in the preceding section is

nonlinear and coupled and can be written in various equivalent
forms. In particular a differential conservative form can be derived
for generalized � xed curvilinear coordinates, as follows6:
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where Q is the vector of conserved variables and W is the vector
of production rates, already de� ned in Eq. (2), and the inviscid � ux
vectors are QF; QG, and QH, with QF given as

QF D .jr» j=J /[½1 Qu; ½2 Qu; : : : ; ½N S Qu; ½u Qu C Q»x p;

½v Qu C Q»y p; ½w Qu C Q»z p; Qu.½e0 C p/]T (7)

and QG and QH given by similar expressions, once the appropriate
contravariant velocity components and generalized coordinates are
chosen. In the precedingequations J is the Jacobianof the transfor-
mation between curvilinear and Cartesian coordinates, and Qu; Qv; Qw
are the contravariant velocity components
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where the normalized gradients in the »; ´; and ³ directions have
been utilized.Alternatively,a set of primitivevariablescan be intro-
duced:

q D [½1; ½2; : : : ; ½N S ; u; v; w; p]T (9)

which is often used to develop physicalboundaryconditionsneces-
sary for the numerical solution of the Euler equations.9

The development of the eigensystem of the � ux Jacobians will
be discussed next. The intent is to develop eigenvectors that do not
feature any singularities for cases where some of the species in the
gas mixtureare presentin traceamountsand that canbe used forboth
MUSCL9 and � ux extrapolation2 space discretizations. The result
also can be employedto developa set of characteristicequationsand
the resulting characteristic variable boundary conditions, as shown
in Ref. 10.

A. Eigenvalues
The three-dimensionalEuler equations can be cast in quasilinear

form as follows:
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or

@

@t

Q
J

C QA
@Q
@»

C QB
@Q
@´

C QC
@Q
@³

D W
J

(11)

In Eq. (11) QA, QB, and QC are the � ux Jacobian matrices, which are
given in Ref. 10. In the following, when a generic direction k is
considered (which can be » , ´, or ³ ), the corresponding� ux vector
will be denoted by QS and its Jacobian matrix will be QK D @ QS=@Q.
Matrix QK turns out to be dense and not easily amenable to alge-
braic manipulation. On the other hand, working with the primi-
tive variables already introduced simpli� es considerably the task
of � nding the eigensystem of the � ux Jacobians. Transforming
Eq. (11) from conservative to primitive variables results in the
following:

@Q
@q

@

@t

q
J

C QA
@Q
@q

@q
@»

C QB
@Q
@q

@q
@´

C QC
@Q
@q

@q
@³

D W
J

(12)



400 AIAA JOURNAL, VOL. 37, NO. 3: TECHNICAL NOTES

where the transformation between the conserved and primitive
variables is de� ned by M D @Q=@q and can be found easily.7;10

Moreover, its inverse, M¡1 , can be computed directly with little
dif� culty.7;10

Multiplying Eq. (12) by M¡1 yields

@

@t
q
J

C M¡1 QAM
@q
@»

C M¡1 QBM
@q
@´

C M¡1 QCM
@q
@³

D M¡1 W
J

(13)

wherea similaritytransformationrelatesthegenericJacobianmatrix
QK to the matrix Qk, as follows:

Qk D M¡1 QKM (14)

Unlike QK, the matrix Qk turns out to be sparse and easy to use.1;7 The
eigenvalues of Qk can be found with relative ease and are

¸1 D ¸2 D ¢ ¢ ¢ D ¸N S C 2 D .jrkj=J / Qu
(15)

¸N S C 3 D .jrkj=J /. Qu C a/; ¸N S C 4 D .jrjk=J /. Qu ¡ a/

Because of the similarity transformation[Eq. (14)], the eigenvalues
of QK are also given by Eq. (15).

B. Eigenvectors
A set of linearly independent eigenvectors can be developed for

the Jacobian matrix Qk. This set must be chosen carefully because
of the presenceof repeatedeigenvalues.The development is similar
to that followed by Whit� eld and Janus.1 The � nal matrix of right
eigenvectors reads
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where
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p
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The matrix of left eigenvectors can be found by inverting the
preceding matrix. The � nal result reads
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where

¯ D Qkx C Qk2
y C Qk2

z (19)

Because of the similarity of matrices QK and Qk [see Eq. (14)],
their eigenvalues are the same, and their eigenvectors are related.
The right and left eigenvector matrices for QK (denoted by Tk and
T¡1

k , respectively) can be found from the following:

Tk D MPk; T¡1
k D P¡1

k M¡1 (20)

The full matrices are presented in Ref. 7.

IV. Numerical Approach
The system of equations that describes compressible, inviscid,

chemically reacting � ows must be discretized to form a set of alge-
braic equations that can be solved computationally.The discretiza-
tionof theequationsis an extensionof themethodsusedbyWhit� eld
et al.2 The generalmethods used also havebeen discussedfor chem-
ically reacting � ows by Cinnella.6

V. Numerical Results
Numerical results for a few test caseshavebeen obtainedto inves-

tigate the space discretizationbased on the new eigensystem of the
inviscid � uxes. Only one resultwill be discussedhere; the interested
reader can � nd more in Ref. 10.

The test case represents inviscid, steady � ow. For reacting � ow,
initial freestream conditions are given as a � uid in thermodynamic
and chemical equilibrium. The ONERA M6 wing at a freestream
Mach number of M1 D 0:84 and an angle of attack of ¡3:06 deg is
considered a standard transonic test case. In this study the wing is
used to validate the new eigensystemby comparisonwith the perfect
gas code by Whit� eld et al.,2 developedfor upwind, � ux-difference
split, high-resolutionspace discretizations.The current simulations
use a � ve-species/17-reactionair model7 with a freestream temper-
ature of 300 K and pressure of one atmosphere and a frozen model
thatdoesnot includechemicalkinetics.Initialequilibriumvaluesare
computed based on a mixture of approximately 79% N2 and 21%
O2 . A coarse 49£ 9 £ 9 grid is used. The simulation is run with
second-order spatial accuracy and a fully implicit time integration
scheme, using a minmod limiter and a � xed Courant–Friedrichs–

Lewy number of 7.5.
Figure 1 shows excellent agreement between the two codes for

the pressure distributionat the midspan of the wing. Similar results
apply for the drag coef� cient and all other � ow properties.7;10 No
numerical dif� culties or unexpected behavior are recorded for this
case, even if some of the chemical species are present in extremely
small quantities (mass fractions at the round-off level for atomic
oxygen and nitrogen).
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Fig. 1 Comparison of pressure coef� cient predictions for M6 Onera
wing at M1 = 0:84.

VI. Conclusion
The purpose of this study was to develop an eigensystem of the

inviscid � ux Jacobians that does not contain singularities and can
be used to compute � ows with � nite-rate chemistry using spatially
accurate methods. The eigensystemdeveloped is valid for both � ux
extrapolation and dependent-variable extrapolation, higher-order-
accurate extensions to the � ux vector-differencescheme developed
by Roe.
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Introduction

T HE study of vortex dynamics and stall associatedwith oscilla-
ting airfoils has been a topic of fundamental research in

the aerodynamics community for many years. The details of the
dynamic stall process1 strongly depend on the airfoil geometry,
the oscillation amplitude 1®, the maximum incidence ®max , and
the reduced frequency k .D ¼ f c=U1/, where f is the oscillation
frequency, c the airfoil chord, and U1 the freestream velocity.
McCroskey1 identi� ed two categoriesof dynamicstall, namely light
stall and deep stall. Light dynamic stall, which occurs at relatively
smaller values of k and moderate values of 1® and ®max, shares
many of the features of static stall but in addition results in large
hysteresis effects on aerodynamic loading. Deep dynamic stall, on
the other hand, is characterized primarily by the shedding of a dy-
namic stall vortex (DSV). This type of stall, which occurs at larger
values of k; 1®, and ®max , leads not only to large hysteresis loops
as in the light-stall case but also to very large variations in aerody-
namic loadingduring the oscillationcycle causedby the buildupand
shedding of the DSV. The present work was directed at the study
of airfoil oscillationat k D 0:05, under which conditions the � ow is
expected to be characterizedby light stall, in the sense just de� ned.

There have been several � ow-visualization studies reported on
the dynamic stall of oscillating airfoils. There are also extensive
data on surface pressureand aerodynamiccoef� cients for both light
and deep dynamic stall conditions. However, to the best of the au-
thors’ knowledge, there has been only one reported experiment2 in
which the instantaneousvelocity � eld was measured on an oscilla-
ting airfoil,using the techniqueof particle image velocimetry(PIV).
That experiment was performed at a high k value of about 0.2, at
which deep stall conditions were observed. The present work rep-
resents a complementary effort to obtain data under conditions of
light dynamic stall.

Description of the Experiment
This study was conducted in the large water channel facility at

WashingtonState University. This is the same facility in which ear-
lier dynamic stall studies have been performed in recent years. The
� ow facility is a 1 m wide £ 0.67 m deep (3 £ 2 ft) closed-loop
open surface water channel.A two-dimensionalNACA 0015 airfoil
of 300-mm (1-ft) chord and 600-mm (2-ft) span was mounted ver-
tically from a platform in such a way that, when rotated, the airfoil
would pitch about its quarter-chordaxis. The submerged end of the
airfoil was � tted with an end plate to reduce end effects. This � ow
facilityand experimentalarrangementhavebeenused extensivelyin
the past for the study of dynamic stall of airfoils pitchingat constant
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